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DETERMINATION OF MEAN ATMOSPHERIC DENSITIES 
FROM THE EXPLORER I X  SATELLITE 
By Gerald M. Keating, James A. Mullins, Claude W. Coffee, 
and David S. McDougal 
Langley Research Center 
SUMMARY 
A method i s  developed f o r  determining mean atmospheric dens i t ies  from 
changes i n  the  o r b i t a l  elements of the  Explorer I X  (1961 Delta 1) s a t e l l i t e ,  a 
12-foot-diameter balloon. 
orb i t ing  about an oblate  spheroid i s  evaluated and the  energy change due t o  the  
work done by radiat ion force upon the  satellite i s  subtracted t o  y ie ld  the  
energy decay a t t r i bu ted  t o  atmospheric drag. The d i r e c t  so la r  radiat ion force 
upon E q l o r e r  I X  i s  determined from measured vec to r i a l  reflectances of the  sat- 
e l l i t e  material. Equations are given f o r  the e f fec t ive  coeff ic ient  of drag of 
Explorer IX,  and mean atmospheric dens i t ies  a t  heights from 310 k m t o  765 km 
March 1964) from changes i n  the  o r b i t a l  elements of Explorer I X .  
The decay of the  t o t a l  energy of t he  s a t e l l i t e  
a r e  tabulated f o r  t he  e n t i r e  l i fe t ime of t he  s a t e l l i t e  (February 
INTRODIJ(;TION 
Since the  advent of ear th  s a t e l l i t e s ,  there has been increased i n t e r e s t  
in, and opportunity for ,  measurement of atmospheric density at  extreme alt i-  
tudes. Besides t h e  s c i e n t i f i c  value of using density data t o  obtain fu r the r  
physical ins ight  i n t o  the  nature of the  atmosphere, t he  dens i t ies  must be known 
i n  order t o  predict  perturbations i n  the  orb i t s  of ear th  s a t e l l i t e s  and t o  
predict  s a t e l l i t e  l i fe t imes .  
s i t ies a t  s a t e l l i t e  a l t i tudes ,  an indi rec t  method i s  normally employed t o  i n f e r  
t h e  densi t ies ,  namely: 
drsg which is  computed f o r  the  s a t e l l i t e  from cer ta in  observed o r b i t a l  pertur- 
bations.  
area r a t i o  exclusively f o r  t he  measurement of atmospheric density by the  
ind i rec t  method. 
Because of the exceedingly low atmospheric den- 
the  density i s  deduced from the  magnitude of atmospheric 
The Explorer I X  (1961 Delta 1) s a t e l l i t e  was designed with a low mass- 
Exactly how t h e  general ind i rec t  method is  applied depends upon the  
physical cha rac t e r i s t i c s  and o r b i t a l  regime of t h e  s a t e l l i t e .  I n  t h i s  paper, 
t h e  spec i f ic  method used f o r  determination of mean atmospheric dens i t ies  from 
t h e  Explorer I X  s a t e l l i t e  i s  developed and completely described and the  den- 
sities thus obtained are tabulated so that in te res ted  pa r t i e s  may analyze them. 
Mean atmospheric dens i t i e s  i n  the v i c in i ty  of the  s a t e l l i t e ' s  perigee are 
deduced from t h a t  portion of t h e  energy decay of t h e  satel l i te  which i s  a t t r i b -  
u ted  t o  aerodynamic drag. 
r a t e  of change of energy about an oblate  spheroid i n  terms of mean elements, 
t h e  t o t a l  radiat ion force  upon t h e  satellite, t h e  energy change due t o  radia- 
t i o n  force, and t h e  coef f ic ien t  of drag averaged about one o r b i t .  
Expressions and values are determined from the  t i m e  
I n  order t o  obtain mean atmospheric dens i t i e s  from t h e  energy decay of 
other  s a t e l l i t e s  t he  s a t e l l i t e  mass, average cross section, perturbing forces  
effect ing energy decay, thermal accommodation coeff ic ient ,  s a t e l l i t e  w a l l  t e m -  
peratures, and many other  f ac to r s  would have t o  be taken i n t o  account. 
SYMBOLS 
A area 
A 2  = J2rg = 66.0546 km 
semimajor axis of osculating o r b i t  averaged over 1 revolution 
semimajor ax i s  of osculating o rb i t  
change i n  semimajor axis of o rb i t  per  revolution due t o  aerodynamic 
drag averaged over many revolutions 
aerodynamic drag coeff ic ient  
e f fec t ive  aerodynamic drag coeff ic ient  
s o l a r  constant at  1 astronomical u n i t  
speed of l i g h t  i n  a vacuum 
aerodynamic drag 
energy 
change i n  energy of s a t e l l i t e  per  revolution due t o  aerodynamic drag 
change i n  energy of sa te l l i t e  per  revolution due t o  aerodynamic drag 
averaged over many revolutions 
energy change of s a t e l l i t e  per revolution due t o  s o l a r  rad ia t ion  
force 
t o t a l  energy of sa te l l i t e  
t o t a l  energy change of sa te l l i t e  
e 
$S 
e c cent ri  c i t y  
























height above ear th  
incident  power of l i g h t  per  u n i t  area normal t o  d i rec t ion  of 
propagation 
o r b i t  inc l ina t ion  referred t o  equatorial  plane of da te  
coef f ic ien t  of second harmonic i n  ear th  grav i ta t iona l  po ten t i a l  
correction f ac to r  f o r  ro ta t ion  of atmosphere 
un i t  vector i n  d i rec t ion  of propagation of l i g h t  
sa te l l i t e  mass 
mean (anomalist ic) motion 
coef f ic ien ts  i n  expression f o r  o r b i t a l  elements 
generalized o r b i t a l  elements 
perturbing po ten t i a l  
dis tance from center of ear th  t o  s a t e l l i t e  
equator ia l  radius of ear th  
dis tance from ear th  t o  sun i n  astronomical u n i t s  
dis tance from center of ear th  t o  point on shadow e l l i p s e  
radius of sa te l l i t e  
v e c t o r i a l  reflectance of surface for l i g h t  incident at  angle 
molecular speed r a t i o  
molecular speed r a t i o  of diffusely r e f l ec t ed  p a r t i c l e s  
arc of s a t e l l i t e  o rb i t  




ear th  grav i ta t iona l  po ten t i a l  
po ten t ia l  energy of satel l i te  
t r u e  anomaly 
work 
Cartesian coordinate axes 
Cartesian coordinates 
generalized rectangular coordinate 
change i n  r igh t  ascension between ascending node and perigee point 
r i gh t  ascension of sun 
r igh t  ascension of perigee 
angle of incidence 
decl inat ion of sun 
decl inat ion of perigee 
eccentr ic  anomaly 
angle measured i n  o r b i t a l  plane from semimajor axis of shadow semi- 
e l l i p s e  about center  of earth i n  d i rec t ion  of s a t e l l i t e  motion 
t o  re 
angle between normal t o  a rea  element and d i rec t ion  of vec to r i a l  
reflectance 
angle measured at  center of ea r th  from ascending node of s a t e l l i t e  
o r b i t  t o  earth-sun l i n e  
product of universal  g rav i t a t iona l  constant and mass of ea r th  
angle between earth-sun l i n e  and i t s  project ion on o r b i t a l  plane 
atmospheric density 
mean atmospheric densi ty  
standard deviation 
angle measured i n  d i rec t ion  of s a t e l l i t e  motion from perigee t o  pro- 




cu argument of perigee 
Subscripts: 
i n  shadow entry 
out shadow ex i t  
P at perigee 
t at  t i m e  t 
colat i tude angle i n  spherical  coordinate system 
a z h u t h  angle i n  spherical  coordinate system 
r ight  ascension of ascending node referred t o  equinox of 1950.0 
EXPERIMENT DESCRIPTION 
Because of t he  exponential decrease of atmospheric density with height, 
The higher the  eccent r ic i ty  of 
most of t he  change of energy due t o  atmospheric drag occurs i n  the  v i c in i ty  of 
perigee f o r  moderate o r b i t a l  eccent r ic i t ies .  
t h e  s a t e l l i t e  orbi t ,  t he  grea te r  i s  the  portion of energy decay i n  the  immedi- 
a t e  v i c in i ty  of perigee, and, therefore, t he  more accurately the  posi t ion of the  
densi ty  measurement may be pinpointed. 
satellite, t h e  grea te r  i s  the  var ia t ion  of the o rb i t  due t o  energy decay and, 
therefore, t h e  more accurate the  density may be measured. 
The lower the  mass-area r a t i o  of the  
I n  order t o  obtain accurate values f o r  both the  magnitude and posi t ion of 
a densi ty  determination, it was, therefore, advantageous t o  place a s a t e l l i t e  
with a low mass-area r a t i o  i n t o  an eccentr ic  o rb i t .  The Explorer I X  s a t e l l i t e  
( f i g  . 1) w a s  designed spec i f ica l ly  f o r  t h i s  purpose. The 12.00-f oot-diameter 
s a t e l l i t e  weighed 14.62 pounds, had a lower mass-area r a t i o  than a l l  previous 
s a t e l l i t e s  except Echo I (1960 Iota) ,  and yet w a s  sturdy enough t o  remain spher- 
i c a l  at heights  above l 5 O  km (ref. 1). 
presented the  same known f ron ta l  area t o  t h e  atmosphere regardless of i t s  
or ientat ion.  Also it could be tracked opt ical ly  and by radar because of i t s  
shiny meta l l ic  surface. 
l imi ted  t o  e lec t ronic  instrument l i fe t ime but t o  s a t e l l i t e  lifetime, because 
t h e  e n t i r e  s a t e l l i t e  served as a sensor. 
Because it was spherical, t he  satell i te 
Furthermore, the  l ifetime of t he  experiment i s  not 
Explorer I X  w a s  launched on February 16, 1961, from t h e  NASA Wallops 
S ta t ion  by means of t h e  solid-propellant Scout vehicle.  The i n i t i a l  o rb i t  had 
an inc l ina t ion  of 33.80, a height of perigee of 632 km, and a height of apogee 
of 2586 km. 
condition f o r  rad ia t ion  force  which could substant ia l ly  reduce t h e  s a t e l l i t e  
l i fe t ime.  
t h e  perigee a l t i t u d e  t o  increase f o r  1 year and t o  decrease f o r  t he  next 
It w a s  predicted t h a t  such an orbi t  would be close t o  a resonant 




Figure 1.- Explorer IX sa t e l l i t e .  L-61-3762 
2 years. If an evening launch had been attempted, rad ia t ion  force would have 
driven the  s a t e l l i t e  i n t o  t h e  ear th  i n  less than a year. 
t h e  s a t e l l i t e  l i fe t ime,  a morning launch made it possible t o  obtain dens i t i e s  
f o r  the same a l t i t u d e  a t  two d i f f e ren t  times. 
Besides increasing 
PROCEDURE 
The procedure used t o  obtain mean atmospheric dens i t i e s  may be out l ined 
as follows: 
(1) Accurate observations of t h e  s a t e l l i t e  were continually obtained from 
various sources. 
(2 )  Time-dependent o r b i t a l  elements were calculated from these observa- 
t i o n s  by means of a d i f f e r e n t i a l  improvement program. 
( 3 )  The energy decay rate was deduced from t h e  time-dependent o r b i t a l  
elements . 
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( 4 )  By eliminating t h e  computed energy changes due t o  forces  other  than 
atmospheric drag, t h e  energy decay r a t e  due t o  drag w a s  deduced. 
( 5 )  A mean atmospheric densi ty  was deduced from t h e  energy decay r a t e  due 
t o  drag and ce r t a in  aerodynamic propert ies  of t h e  sa te l l i t e  when ce r t a in  
propert ies  of t h e  atmosphere were assumed. 
These s teps  are discussed i n  grea te r  detai l  i n  t h e  following sections.  
Ob se mat ions 
The shiny meta l l ic  surface of t he  balloon permits both radar and op t i ca l  
The Baker-Nunn camera network and moonwatch teams were t h e  primary tracking. 
sources of pos i t ion  measurements used t o  determine o r b i t a l  elements. Publica- 
t i o n s  are ava i lab le  which describe t h e  Baker-Nunn cameras of t h e  Smithsonian 
I n s t i t u t i o n  Astrophysical Observatory ( f o r  example, r e f .  2) and t h e  methods of 
reduction of t h e  photographs t o  posi t ion measurements ( f o r  example, r e f .  3 ) ;  
therefore,  o n l y  a b r i e f  discussion i s  given herein. 
For br ight  satel l i tes  such as Explorer I X  a f ixed  camera with a ro ta t ing  
b a r r e l  shu t t e r  is  used. 
f i v e  times during an exposure ( f i g .  2). 
break occurs, t h e  t i m e  i s  recorded on t h e  film. 
t o  t h e  star background a t  t h e  time of t h e  photograph i s  determined by measuring 
t h e  center of t h e  cen t r a l  break with respect t o  background star images. These 
observations a r e  accurate t o  a f e w  minutes of a r c  when field-reduced, and they 
a re  l a t e r  reduced with accuracies of a few seconds of a rc .  
average of about 1 observation per 
s a t e l l i t e  revolution w a s  obtained 
for t h e  l i f e t ime  of t h e  s a t e l l i t e .  
Another important source of obser- 
vations i s  t h e  numerous moon- 
watch teams throughout t h e  world. 
Moonwatch observations, though 
accurate t o  only about O.5', are  
an important supplement t o  t h e  
Baker-Nunn data. 
This shut te r  in te r rupts  t h e  t r a c e  of t h e  sa te l l i t e  
A t  t he  in s t an t  a t  which t h e  cen t r a l  
S a t e l l i t e  d i rec t ion  r e l a t i v e  
(See r e f .  3.) An 
Determination of Orbits 
The Smithsonian Astrophysi- 
c a l  Observatory Di f f e ren t i a l  Orbit 
Improvement Program ( r e f s .  4 
and 5 )  w a s  used t o  determine t h e  
o r b i t a l  elements of t h e  s a t e l l i t e  
from t h e  observations. The method 
of determination of t h e  o r b i t a l  L-65-85 
elements i s  e s s e n t i a l l y  as Figure 2.- Chopped trace of s a t e l l i t e  image. 
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follows. A s e t  of expressions f o r  t h e  o r b i t a l  elements i s  assumed. These 
elements vary with time and are composed of polynomials with t h e  option of 
addi t ional  transcendental  and exponential terms, such as 
where 




t t i m e  from epoch 
It i s  these constants Pj,k which a re  t o  be improved. 
The expressions f o r  t h e  elements are evaluated a t  times corresponding t o  
t h e  times at  which observations were made and short-term g rav i t a t iona l  pertur- 
bations (ref. 6)  a re  added. The observations are transformed t o  rectangular 
s iderea l  coordinates and t h e  computed satel l i te  posi t ions a re  compared with 
t h e  observed posi t ions.  The res idua l  from a given measurement can be equated 
with a l i n e a r  combination of corrections f o r  t he  elements. 
t ives  of t h e  rectangular coordinates with respect t o  the  elements a re  coeffi-  
c ients  i n  t h e  following resu l tan t  re la t ion:  
The p a r t i a l  deriva- 
where 
x i  rectangular coordinate 
(hi)t residual  i n  coordinate x i  a t  time t 
The increments Aqj 
i n  the  coef f ic ien ts  Pj,k as follows: 
can i n  t u r n  be wr i t t en  as l i n e a r  combinations of t h e  e r r o r  
If enough measurements are made, t h e  correct ions aPj,k can be determined. I n  
practice,  many more observations are made than t h e  minimum number necessary, 
and the corrections &j,k a re  determined by a method of l e a s t  squares. 
The standard deviation u of t h e  res idua ls  i s  then computed and all meas- 
urements with residuals  grea te r  than 3 u  are discarded. The e n t i r e  process i s  
8 
m 
repeated u n t i l  a l l  t he  residuals  a r e  within the 3a acceptable maximum. 
t h i s  time the  program p r i n t s  out a s e t  of parameters 
A t  
Pj ,k.  
I n  pract ice ,  least-mean-square f i t s  devoid of short-periodic perturba- 
t i o n s  a re  found f o r  eccent r ic i ty  e, o r b i t a l  inc l ina t ion  i, argument of 
perigee a, r i g h t  ascension of ascending node 52, and mean anomaly M. The 
semimajor ax is  a i s  determined from the  following r e l a t i o n  ( r e f ,  6 ) :  
where n, t he  mean (anomalist ic) motion, i s  dM/dt. The elements derived by 
the  above procedure a r e  re fer red  t o  as mean elements. 
S a t e l l i t e  Energy i n  Terms of Mean Elements 
A re la t ionship  between the  energy of  the s a t e l l i t e  and t h e  mean elements 
can be obtained i n  the  following manner. 
i s  the  sum of the  k ine t i c  energy - m i 2  and the  po ten t i a l  energy V. The 
k i n e t i c  energy f o r  the  osculating e l l i p s e  i s  given by - - 
The t o t a l  energy of t h e  s a t e l l i t e  % 
1 
2 
w 2  (r - &) and the  
po ten t i a l  energy due t o  the  g rav i t a t iona l  po ten t ia l  of t h e  ear th  U i s  -Um, 
where 
1 u = + p { q ( F f ~  A2 a0 - 1 2 1 2  s i n  i + - s i n  i cos 2(a + v) 2 (4) 
and 
Then 
o r  
Equation (7) gives  t h e  energy for t h e  osculating e l l i p s e  i n  terms of the  
osculat ing semimajor axis and the  perturbing poten t ia l .  If the  s a t e l l i t e  i s  
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perturbed only by t h e  oblateness poten t ia l ,  t h e  energy f o r  t h e  osculating 
e l l i p s e  i s  constant and therefore  equal t o  t h e  energy f o r  t h e  mean e l l i p s e .  
According t o  reference 6, t h e  semimajor ax is  of t h e  mean e l l i p s e  i s  related t o  
the  semimajor axis of t h e  osculating e l l i p s e  by 
I 
Substi tution of equation (8) and equation ( 5 )  i n t o  equation (7)  y ie lds  
Energy changes i n  t h e  o rb i t  can be deduced from changes i n  the  o r b i t a l  elements. 
Since the  energy change i s  observed t o  be s m a l l ,  
I n  t he  o r b i t a l  regime of Explorer I X ,  t he  changes of e and i are s m a l l  
enough tha t  t h e  energy change may be approximated by the  equation 
with errors of t h e  order of J2 o r  about 0.1 percent.  Therefore, a change of 
energy may be measured i n  terms of a change i n  t h e  mean semimajor axis. 
Causes of Energy Change 
I n  order t o  evaluate t h e  energy change due so le ly  t o  atmospheric drag, 
t h e  energy changes due t o  other  perturbing forces  must be determined and sub- 
t r ac t ed  from t h e  t o t a l  energy change. 
Gravitational e f fec ts . -  If t he  sa te l l i t e  i s  perturbed only by t h e  ear th  
gravi ta t ional  f i e ld ,  t he  s a t e l l i t e  t o t a l  energy with respect t o  t h e  ear th  
remains constant. The lunar  and s o l a r  g rav i t a t iona l  perturbations may be 
assumed not t o  a f f ec t  t h e  semimajor axis (refs.  7 and 8). 
equation (11) the  change i n  energy due t o  these e f f e c t s  i s  negl igible .  
Therefore, from 
Charge drag.- Because of t h e  high thermal ve loc i ty  of e lectrons r e l a t i v e  
t o  satell i te ve loc i ty  and t h e  lower ion  velocity,  t h e  s a t e l l i t e  acquires a 
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negative charge which i s  decreased t o  some extent by photoemission. Conse- 
quently, ions which would not have been affected by a neut ra l  s a t e l l i t e  s t r i k e  
or are def lected by t h e  s a t e l l i t e .  
which would have been experienced by a neutral  s a t e l l i t e ,  i s  re fer red  t o  as 
e l e c t r o s t a t i c  drag which has been estimated for t h e  Explorer I X  sa te l l i t e  
(ref.  9 )  t o  be about 2 percent of t h e  drag upon a neut ra l  s a t e l l i t e  a t  1500 k m  
f o r  average so la r  a c t i v i t y  with no photoemission assumed. Photoemission reduces 
t h e  charge and therefore  t h e  r e l a t ive  e f fec t  of e l e c t r o s t a t i c  drag. It should 
be noted t h a t  t h e  percentage ionizat ion decreases with decreasing so la r  a c t i v i t y  
and decreasing a l t i t ude .  Since t h e  perigee point of Explorer I X  w a s  continu- 
ously i n  t h e  sunlight throughout i t s  l ifetime, and t h e  so l a r  a c t i v i t y  and a l t i -  
tude were l e s s  than those assumed, it i s  believed t h a t  t h i s  e f f ec t  would be 
less than 1 percent.  
The resul t ing drag, addi t ional  t o  t h a t  
The s a t e l l i t e  becomes polarized when cutt ing t h e  ea r th ' s  magnetic l i n e s  
With an increased electron flux on t h e  pos i t ive ly  charged side of of force.  
t h e  satel l i te  and an increased ion  flux on the negatively charged side,  a cur- 
ren t  flows across t h e  s a t e l l i t e  which in te rac ts  with the  ea r th ' s  magnetic f ie ld  
t o  produce an induction drag. A t  1500 km ( re f .  9), t h e  induction drag has been 
determined t o  be about 1 percent of t h e  neutral  drag. For the  range of heights 
of t h e  Explorer I X  perigee, t h i s  e f f ec t  i s  quite negl igible .  Therefore, t h e  
change of energy due t o  e l e c t r o s t a t i c  and electromagnetic drag forces  w i l l  l ead  
t o  e r ro r s  of less than 1 percent i n  atmospheric density.  
Radiation forces.-  Finally,  t h e  e f f ec t s  of rad ia t ion  forces  should be con- 
sidered. The change of energy produced by d i r ec t  so l a r  radiat ion has been 
found t o  be of t he  same order as drag on Explorer I X  and i s  much l a rge r  than 
t h e  changes due t o  ear th-ref lected radiation, earth-emitted radiation, and 
sa te l l i t e -emi t ted  radiat ion.  Besides being r e l a t ive ly  s m a l l  i n  magnitude, 
ear th-ref lected radiat ion and earth-emitted radiat ion produce forces  upon the  
Explorer I X  s a t e l l i t e  which are e s sen t i a l ly  rad ia l .  
design of t h e  s a t e l l i t e ,  t h e  temperature of surface elements facing the  sun i s  
approximately t h e  same as t h e  temperature of surface elements on t h e  opposite 
s ide  of t h e  s a t e l l i t e .  
sa te l l i t e -emi t ted  radiat ion i s  qui te  small. 
Because of t h e  thermal 
(See ref .  10.) Therefore, t h e  net  force produced by 
The energy change i n  t h e  s a t e l l i t e  due t o  d i r e c t  so l a r  radiat ion depends 
upon t h e  motion of t h e  sa te l l i t e  with respect t o  t h e  ear th  shadow and upon t h e  
force FS exerted by so la r  radiat ion.  The force  ac t ing  on f l a t  samples of 
Explorer I X  material due t o  t h e  incidence and r e f l ec t ion  of rad ia t ion  may be 
determined from reference 11 and 
sa te l l i t e  surface. 
+ 
+ 
FS can be determined by integrat ion over t h e  
From reference 11, t h e  force Gs on a f la t  surface due t o  t h e  incidence 
and r e f l e c t i o n  of solar radiat ion i s  
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where 




angle between incident ray and normal t o  surface 
speed of l i g h t  i n  a vacuum, taken as 2.997 93 x lo1' cm/sec 
+ L u n i t  vector i n  d i rec t ion  of incident l i g h t  
i ' ( P )  vec to r i a l  ref lectance of surface a t  pa r t i cu la r  angle of incidence 
Vectorial reflectance: A p a r t i c l e  of electromagnetic radiat ion has asso- 
c ia ted  with it momentum which i s  t ransfer red  t o  an absorbing or r e f l ec t ing  
medium. If p a r a l l e l  l i g h t  of energy E i s  incident on a surface at r a t e  
d.E/dt the magnitude of the force exerted on the surface due t o  incidence as 
opposedto r e f l ec t ion  i s  - - i n  t h e  d i rec t ion  of the incident l i gh t .  The 
resul tant  force  exerted on t h e  surface by re f lec ted  l i g h t  i s  dependent upon the 
mount of l ight  departing i n  each direct ion.  
of momentum exchange by t h e  re f lec ted  l i g h t  divided by the  magnitude of the 
rate of momentum exchange by t h e  incident l i g h t  i s  vec to r i a l  ref lectance.  I n  
other  words, vec to r i a l  ref lectance i s  the  r a t i o  of the  vec to r i a l  summation of 
ref lected power t o  t h e  magnitude of the p a r a l l e l  incident power. 
C d t  
The vector summation of t he  rate 
I n  reference 11, the  vec to r i a l  ref lectance of t he  Explorer I X  material was 
evaluated by using simulated sunlight.  
t he  angle a t  which the l i g h t  was inc i -  
dent. The r e s u l t s  given i n  refer-  
ence 11, together  w i t h  equation (12), 
can be used t o  obtain t h e  t o t a l  force 
on t h e  spherical  s a t e l l i t e .  
Total d i r e c t  so l a r  radiat ion 
force: Let p a r a l l e l  l i g h t  of inten- 
s i t y  I il luminate a hemisphere 
shown i n  f igure  3 ,  dA be an incre- 
mental surface a rea  element of t h e  
hemisphere, and the  radius of t h e  
hemisphere which i s  p a r a l l e l  t o  t h e  
incident l i g h t  define the Z - a x i s  of a 
Cartesian coordinate system origi-  
nating at t h e  center of t he  hemi- 
sphere. The or ien ta t ion  of t h e  X- 
and Y-axes i s  a rb i t r a ry .  
t h e  hemisphere can be described by 
t h e  spherical  coordinates jd and 
Jl, where jd  i s  measured from t h e  
Z-axis and Jl i s  measured from t he  
X - a x i s  t o  the  plane containing 
Points on 
j d .  
The vec to r i a l  ref lectance depended upon 
z 
F i g u r e  3 . -  Geometry of momentum t r a n s f e r  by 
s o l a r  r a d i a t i o n .  
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The force on the  hemisphere can be found 
surface element in to  components normal t o  and 
integrat ing these forces over the  hemisphere. 
by resolving the  force on each 
p a r a l l e l  with the  Z-axis and 
From simple geometrical con- - - 
siderat ions it can be shown t h a t  p equals $, the  resul tant  force due to+ 
symmetry i s  directed negatively along the Z-axis, and the  z-component of 
i s  
r ( p )  
Here 8 ( p ) ,  the  angle between the  normal t o  dA and ?(j3), i s  assumed t o  be 
i n  the  plane of $. The area element fo r  a sphere of radius rsat be comes 
Proper subst i tut ion of r e l a t ion  (13) and equation (14) i n t o  equation (12) 
and integrat ing over t he  hemisphere yields  
The Explorer I X  i s  uniformly covered with 2-inch-diameter dots of white paint 
which cons t i tu te  18 percent of i t s  surface area. 
I afi) Icos [fi + e( a)] 
component s 
I n  equation (16) 
can be replaced by the  weighted vec tor ia l  reflectance 
The vec to r i a l  reflectances given i n  reference 11 with extrapolations t o  0' 
and 900 incidence were subst i tuted i n t o  the above expression. 
integrand i n  equation (16) was then graphically integrated t o  y ie ld  
A curve of the  
J-5 
I f  t h e  incident l i g h t  is  sunlight,  
I = -  CS 
2 
' S  
where 
so l a r  constant at  1 astronomical uni t ,  taken as 1.395 x 10 6 erg/cm*-sec 
CS 
distance from ea r th  t o  sun i n  astronomical units rS 
Energy change per revolution: The change i s e n e r g y  of the s a t e l l i t e  per  
revolution due t o  d i r e c t  so l a r  rad ia t ion  force  FS may be given as follows: 
+ 
where ds i s  an increment of a r c  along the  s a t e l l i t e  o rb i t .  Let t h e  Z-axis 
of a geocentric coordinate system be the  project ion of t he  earth-sun l i n e  on 
t h e  o r b i t a l  plane ( f i g .  4 ) .  
Z-axis be 
Z-axis measured i n  t h e  d i r ec t ion  of s a t e l l i t e  motion be T.  Because of t he  
slow variat ion of t he  d i r ec t ion  of t he  sun r e l a t i v e  t o  the  osculat ing o r b i t  
during 1 revolution T and v a r e  assumed constant. Due t o  t h e  minute var ia-  
t i o n  i n  the in t ens i ty  of t he  so l a r  f l u x  i s  assumed constant during 
1 revolution when the  s a t e l l i t e  i s  i n  sunl ight .  If t h e  s a t e l l i t e  en ters  t h e  
ea r th  shadow a t  z i n  and e x i t s  shadow at zout, it follows tha t  
Let t h e  angle between t h e  earth-sun l i n e  and the  





satellite motion .l 
zin and zout a r e  
ned from equa- 
t i o n s  ( 3 5 )  and (36). 
Although t h e  sa t e l -  
l i t e  actual ly  passes 
through the penumbra 
before going i n t o  complete 
shadow, f o r  t he  sake of 
calculation, a geometrical 
shadow i s  assumed about a 
spherical  ear th .  The axis 
of t h e  cyl indrical  shadow 
i s  colinear with the  ear th-  
sun l i n e .  The intersec-  
t i o n  of the o r b i t a l  plane 
Perigee 
P- 
Figure 4.-  Shadow and o r b i t  e l l i p s e s .  
14 
with t h e  cy l indr ica l  shadow of t h e  ear th  i s  a semiell ipse.  The in te rsec t ion  
of t h i s  shadow semiell ipse with t h e  o rb i t  e l l ipse  determines t h e  o r b i t a l  posi- 
t i o n s  of shadow entry and ex i t .  
The shadow semiellipse, centered at the center of t h e  earth,  has semiminor 
axis r E  and semimajor axis of - . The radius of an e l l i p s e  with center 
s i n  v 
a t  t h e  or ig in  can be wr i t ten  i n  polar  coordinates as 
r 2  = a2b2 
a2sin28 + b2cos2e 
where a and b a re  semimajor and semiminor axes, respectively.  Then t h e  
radius of t h e  shadow semiell ipse (denoted by subscript  
from 
e )  may be determined 
2 
E 
s i n  8 + s i n  v cos 8 
(22) 
r 
r 2  = 
e 2 -  2 2 
where -900 5 8 5 900. The angle 8 is measured from t h e  semimajor ax i s  of 
t h e  semiell ipse t o  r e  i n  t h e  d i rec t ion  of s a t e l l i t e  motion. 
For t h e  purposes of obtaining intersect ion points,  t h e  o rb i t  of t he  satel- 
l i t e  can be adequately expressed as an e l l i p se  with t h e  center of t h e  ea r th  at  
one focus as follows: 
a (1  - e2) r =  
1 + e cos v 
where 
v = e + T + 180' 
The angles v and T may be determined from considerations of t h e  geo- 
metr ical  re la t ionship between the  o r b i t a l  plane, t h e  sun, and t h e  perigee point.  
Shown i n  f igu re  5 i s  t h e  c e l e s t i a l  sphere upon which a re  shown t h e  in te rsec t ion  
of t h e  o r b i t a l  plane, t h e  in te rsec t ion  of l i n e s  passing from t h e  center of t h e  
ear th  through the  sun S, t h e  ascending node AN, t h e  perigee P, t he  normal 
t o  t h e  o r b i t a l  plane I, and t h e  projection of t h e  earth-sun l i n e  on t h e  
o r b i t a l  plane Z. The vernal  equinox VE and north c e l e s t i a l  pole NP are 
a l s o  i l l u s t r a t e d .  
Referring t o  spherical  t r i a n g l e  S-"-1, from t h e  l a w  of cosines 
cos(9O0 - v )  = cos i cos 90° - tjS) + s i n  i sin(90° - tis)cos(% - R + 90") 
The ref o r  e, 
( 2 5 )  ( 
v = sin-' cos i s i n  tis - s i n  i cos 6s s in(% - ( 2 6 )  [ 
where 
-90° 5 v 5 90° (27) 
Equation (26) may be subs t i tu ted  i n t o  equation (22) t o  obtain 
t i o n  of 8 and t h e  known quant i t ies .  
re2 as a func- 
Referring again t o  spherical  t r i ang le  S-NP-I, from the  l a w  of cosines 
cos(9O0 - 6s )  = C O S ( ~ O ~  - v)cos i + sin(9O0 - v)s in  i cos(9Oo - T - w) (28) 
theref  ore, 
s i n  6s - s i n  v cos i 
sin(-r + CD) = 
s i n  i cos v 
I n  order t o  determine the  quadrant of 
developed f o r  COS(T + w). From spherical  triangle S-I-AN, 
T + w, an addi t ional  re la t ionship may be 
cos h = C O S ( ~ O O  - v)cos 90° + sin(g00 - v)s in  900 COS(T + w) (30) 
theref  ore, 
cos h 
C O S ( 7  + a) = -cos v 
From spherical  triangle S-NP-AN, 
COS h = cos 90° - GS)cos 900 + sin(9O0 - 6 s i n  90° cos - R) (32) ( s> ( 
Simplifying equation (32) and subs t i tu t ing  i n t o  equation (31) gives 
From equation ( 2 7 ) ,  cos v 
i s  always posi t ive.  Since 
cos 6s i s  always posit ive,  
t h e  sign of cos(% - R) 
i s  always the  s ign of 
COS(T + w). Knowing the  
signs of COS(T + w) and 
sin(-r + u), the  quadrant 
of ( T  + w) and, therefore,  
t h e  value of ( T + a), are  
uniquely determined. F i g u r e  5.- Geometry f o r  d e t e r m i n a t i o n  of T and v. 
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From equation ( B ) ,  
s i n  6s - s i n  v cos i 
s i n  i cos v 7 = sin-'( (34) 
Equations (34), (24), and (23) may be used t o  obtain r as a function of 8 
and t h e  known quant i t ies .  
Now r and re a re  known h n c t i o n s  of 8. The values of 8 f o r  which 
r = re were found by an i t e r a t i v e  solut ion of a quar t ic  equation. 
of r and re were made systematically a t  d i f fe ren t  values of 8 u n t i l  t h e  
angles a t  which r equals re were found within O.0lo. If t h e  satel l i te  
en ters  shadow at  r in ,8in and e x i t s  shadow a t  rout,80ut, then 
Comparisons 
Energy change between epochs: Equa+,ions have now been developed f o r  
determining t h e  energy change due t o  d i r e c t  so l a r  rad ia t ion  during 1 revolu- 
t i on .  I n  order t o  evaluate t h e  energy change due t o  so l a r  radiat ion between 
successive sets of o r b i t a l  elements, t he  energy change per  revolution i s  eval- 
uated once da i ly  and the  t o t a l  energy change i s  determined by numerical inte-  
gration. Values of a, e, i, o, 52, W, as, and 6s used t o  determine 
AEs This assumption introduces 
a very s m a l l  e r ror ,  s ince w, R, and % ( the  most sens i t ive  values) do, f o r  
all p r a c t i c a l  purposes, vary l i n e a r l y  over a t i m e  i n t e r v a l  of t h e  order of a 
week. 
due t o  so l a r  rad ia t ion  t o  approach zero, o r  i f  t h e  energy change per revolution 
changes sign, t h e  energy change per  revolution during t h a t  day i s  evaluated 
every 2 hours. 
a re  assumed t o  vary l i nea r ly  between epochs. 
If t h e  s a t e l l i t e  en ters  continuous sunlight, causing t h e  energy change 
Calculation of Densities 
If aerodynamic drag D i s  act ing on a satel l i te  t rave l ing  along a r c  s, 
t h e  work W done per  revolution upon the  s a t e l l i t e  by drag may be given as 
W =  $ D d s  (37)  
The work done i s  equivalent t o  t h e  change of energy per  revolution pro- 
duced by drag AED. The drag i s  ps 1 * 2  ACD where p i s  t h e  atmospheric density, 
8 i s  t h e  sa te l l i t e  velocity,  A i s  the  cross-sectional area, and CD i s  the  
drag coef f ic ien t .  The energy change aED i s  first determined i n  terms Of t r u e  
anomaly and then put i n  terms of eccentr ic  anomaly. If CD and A a r e  
assumed constant 
where p i s  t h e  mass of t he  ear th  times t h e  universal  g rav i ta t iona l  constant 
taken as 3.986 135 271 x 1020 dynes cm2/gm, e i s  eccentr ic i ty ,  and E i s  
eccentric anomaly. 
An equation has been derived i n  reference 1 2  f o r  t he  change of semimajor 
axis due t o  drag i n  a spherical ly  symmetric atmosphere from an equation similar 
t o  equation (38) with the  exception t h a t  a correction f ac to r  K 
applied t o  y ie ld  t h e  sa te l l i t e  veloci ty  r e l a t i v e  t o  an atmosphere ro ta t ing  with 
t h e  earth.  
has been 
Assuming t h a t  
-r+rp 
P = Pp exp 
where H i s  a constant and t h e  subscript  p denotes values a t  perigee, and 
expanding the  integrand i n  equation (38) as a power s e r i e s  i n  eccentr ic i ty ,  t h e  
expression may be replaced by Bessel functions which when i n  tu rn  a re  replaced 
by t h e i r  asymptotic expansions y ie ld  t h e  following r e l a t ion  (see r e f .  12):  
where 
and 
K = ( . - F c o s . ) ’  
Here, w i s  t h e  angular ve loc i ty  of t h e  ea r th  and Bp can be obtained from 
The densi ty  a t  t he  perigee point of t h e  sa te l l i t e  may be determined once - 
t h e  values of AD, m/A, H, a, e, CD, and K are found. 
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The change of semimajor axis per  revolution due t o  drag averaged between - 
successive sets of o r b i t a l  elements i s  
revolution due t o  drag & 
energy change and the energy change due t o  d i r ec t  s o l a r  radiat ion between suc- 
cessive sets of o r b i t a l  elements divided by t h e  number of revolutions.  
value of &,D i s  then determined from the  following equation: 
&D. The average change i n  energy per - 
i s  given as the difference between the t o t a l  
The - 
The grea te r  t h e  number of revolutions, t h e  l e s s  i s  t h e  uncertainty i n  - 
bD and, therefore,  i n  6. The only disadvantage i s  t h a t  due t o  the  preces- 
s ion of perigee and of t h e  ascending node, the posi t ion a t  which t h e  densi ty  i s  
measured becomes more uncertain with a n  increasing number of revolutions.  
Therefore, a t i m e  i n t e r v a l  should be chosen such t h a t  t h e  density i s  of s u i t -  
able accuracy without undue s a c r i f i c e  of the accuracy of time and pos i t ion  of 
the measurement. 
It has been shown (ref.  13)  t h a t  f o r  a sphere i n  f r e e  molecular flow, t h e  
drag coeff ic ient  f o r  d i f fuse  r e f l ec t ion  i s  
The molecular speed r a t i o  S i s  t h e  r a t i o  of t he  s a t e l l i t e  speed w i t h  
respect t o  t h e  atmosphere t o  t h e  most probable molecular speed, and Sr i s  
the molecular speed r a t i o  of t he  diffusely re f lec ted  p a r t i c l e s .  
speed depends upon t h e  o rb i t  and the  posi t ion of t h e  satel l i te  i n  tha t  o r b i t .  
The ro ta t ion  of t h e  atmosphere must be considered i n  determining satel l i te  
speed with respect t o  t h e  atmosphere. The atmospheric mean molecular speed a t  
any posi t ion depends upon t h e  temperature and molecular weight, which i s  deter-  
mined by t h e  heating and heat t r ans fe r  i n  the atmosphere. 
speed of the d i f fuse ly  re f lec ted  pa r t i c l e s  depends i n  addi t ion upon the  accom- 
modation coef f ic ien t  and temperature of t h e  satell i te.  
is, under some i n i t i a l  assumptions f o r  atmospheric conditions and propert ies  
of t h e  satellite, a function of s a t e l l i t e  pos i t ion  and velocity,  which are i n  
t u r n  functions of t h e  o r b i t a l  elements. That is, CD should not be assumed 
constant and removed from t h e  in t eg ra l  of equation ( 3 8 ) .  
The s a t e l l i t e  
The mean molecular 
This means t h a t  CD 
Because of t h e  d i f f i c u l t y  of integrat ing i n  equation ( 3 8 )  with CD a 
function of a l l  i t s  impl ic i t  - variables,  an inves t iga t ion  was made w i t h  the  
object  of determining 
L e t  5 be defined by CD 
which could be wr i t ten  i n  terms of fewer var iab les .  
The ef fec ts  of o r b i t a l  parameters, thermal accommodation coeff ic ient ,  s a t e l -  
l i t e  skin temperature, ro ta t ing  atmosphere, and so la r  heating were - invest igated 
by choosing several  s e t s  of i n i t i a l  conditions and calculat ing CD f o r  a 
var ie ty  of o rb i t s .  It was found t h a t  t h e  most s ign i f icant  var iables  were 
height of perigee and thermal accommodation coef f ic ien t .  Assuming skin tem- 
peratures obtained when Explorer I X  i s  i n  continuous sunlight ( r e f .  10) and 
complete thermal - accommodation, t he  following approximate equations were deter-  
mined giving CD as a function of height of perigee hp: 
- 
CD = 2.050 + 2.484 X hp (200 km 4 hp <= 600 km) (47) 
- 
CD = 2.134 + 1.125 X loe4 hp (600 k m  5 hp C 800 km) (48) 
The value of  H, which i s  t h e  negative slope of a log-density-height 
curve, was obtained from t h e  dens i t i e s  given i n  t h e  1962 U.S. Standard 
Atmosphere ( r e f .  14 ) .  
H = (-5.994 x 10-?)h2 + 0.16ph + 7.1687 (200 km <= h 800 km) (49) 
Because H i s  variable,  a weighted value of H w a s  used. The quantity H i s  
calculated a t  t h e  height hp + - 3HP where Hp i s  t h e  value of H a t  hp. 
(See ref .  15. ) 
4 
The height of perigee i n  kilometers i s  given as 
s i n  2 i sin% 
297 
hp = a (1  - e )  - 6378.388 1 - 
The posi t ion of t h e  perigee point, which i s  e s sen t i a l ly  the  densi ty  point, 
may be given i n  terms of t h e  radius, r i gh t  ascension, and decl inat ion of per i -  
gee as follows: 
rp = a(l - e )  (51) 
% = n + a  (52) 
where a i s  t h e  change i n  r igh t  ascension between t h e  ascending node and t h e  
perigee point. 
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It can be shown by spherical  trigonometry t h a t  
a = tan-'(cos i t a n  Lu) ( 5 3 )  
If 0 5 i < 900, a and LU are i n  the  same quadrant. If 90° 5 i < 1800, a 
i s  i n  t h e  quadrant of -0. 
Similarly, it i s  found t h a t  




The equations given i n  t h e  sect ion "Procedure" have been incorporated i n  
a computing program f o r  determination of atmospheric densi ty  from t h e  energy 
decay of a s a t e l l i t e .  
r igh t  ascension and decl inat ion of t h e  sun, and t h e  earth-sun dis tance i n  
astronomical uni ts ,  t h e  program determines t h e  following quant i t ies :  
Given two s e t s  of o r b i t a l  elements and t h e  corresponding 
(1) Total  energy change due t o  so l a r  radiat ion force  between epochs 
( 2 )  Total  energy change between epochs 
( 3 )  Average energy change per revolution due t o  drag and t h e  corresponding 
change of semimajor axis per revolution due t o  drag 
( 4 )  Aerodynamic drag coef f ic ien t  averaged over a revolution 
( 5 )  The quant i ty  H at hp + - 3HP 
4 
(6) Average values of t h e  o r b i t a l  elements, t h e  r igh t  ascension, declina- 
t ion,  radius, and height above the  geoid of t h e  densi ty  point, and parameters 
associated with analysis  of densi ty  
(7)  Average densi ty  and loglo of average densi ty  
The general  organization of t h i s  program is  shown i n  f igure  6. 
Presented i n  t a b l e  I a r e  mean o r b i t a l  elements computed by t h e  Smithsonian 
The elements are referenced t o  t h e  equinox of 1950.0 and 
Astrophysical Observatory using t h e  Dif fe ren t ia l  Orbit Improvement Program 
discussed previously. 
t h e  equator of date .  The elements tabulated f o r  1961 and 1962 a re  given i n  
references 16, 17, and 18 and are  based on prec ise ly  reduced Baker-Nunn photo- 
graphs. A t  t h i s  time, precise  elements are  published f o r  only 1961 and 1962. 
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Initial and final values Of 
a, e. 1, w. n, os,  6 s B  rs 




Read in new initial 
and final values 
Figure 6.- Schematic diagram of computational procedure. 
The elements f o r  dates  between January 1, 1963, and September 30, 1963, are 
given i n  references 19, 20, and 21 and a re  based upon less accurate f i e l d -  
reduced data ,  
predictions which were o r ig ina l ly  used by t h e  Smithsonian Astrophysical 
Observatory t o  predict  s a t e l l i t e  posi t ion so  t h a t  subsequent observations could 
be made. Consequently, a l l  these observations were obtained p r i o r  t o  t h e  epoch 
times. 
The remainder of t h e  tabulated o r b i t a l  elements a re  unpublished 
Given i n  t a b l e  I ( a )  are t h e  published o r b i t a l  elements of Explorer I X .  I n  
t h e  f irst  column, t h e  epoch indica tes  t h e  reference t i m e  f o r  a s e t  of o r b i t a l  
elements. A l l  times are zero Universal Time t o  t h e  nearest  millisecond. The 
second column gives the  mean (anomalist ic) motion i n  revolutions per  day. The 
last four columns give t h e  eccent r ic i ty ,  o r b i t a l  i nc l ina t ion  i n  degrees, argu- 
ment of perigee i n  degrees, and r igh t  ascension of t h e  ascending node i n  
degrees. With t h e  exception of t h e  epoch, t h e  last place i n  each column i s  
generally unrel iable .  
second column i s  semimajor ax is  i n  kilometers. 
Table I ( b )  i s  similar t o  t a b l e  I ( a )  except t h a t  t h e  
With t h e  equations given i n  t h i s  paper, mean atmospheric dens i t i e s  and 
t h e i r  associated time and pos i t ion  were computed between t h e  successive epochs 
tabulated i n  t a b l e  I. Table I1 gives t h e  r e s u l t s  of these  computations. The 
f irst  four columns a re  simply midpoints i n  time, radius, r i gh t  ascension, and 
22 
decl inat ion of t h e  perigee point between successive epochs. The f i f t h  column 
gives log lo  of mean atmospheric density.  
i n t e rva l  between successive o r b i t a l  elements used t o  i n f e r  atmospheric density.  
Referring t o  equation (40), er rors  i n  the determination of average densi ty  
I n  t h e  s i x t h  column i s  t h e  time 
- -  
may be a t t r i bu ted  ch ief ly  t o  inaccuracies i n  &D, CD, H112, K, and t h e  
atmospheric model. Any of these - fac tors  could introduce an e r ro r  on t h e  order 
of 5 percent. The e r r o r  i n  hD i s  pr incipal ly  a function of t h e  accuracy of 
o r b i t  determination, and the  accuracies of determination of energy changes by 
causes other than drag. The e r ro r s  i n  orbi t  determination are dependent upon 
t h e  number of observations, t he  accuracy of observations, t he  d i s t r ibu t ion  of 
observations i n  space and time, and inadequacies i n  theory. The e r ro r s  due t o  
energy changes other than drag a re  pr incipal ly  dependent on e r rors  i n  determi- 
nation of perturbing forces  act ing on t h e  s a t e l l i t e .  Errors i n  5 a re  prin- 
c ipa l ly  dependent upon t h e  inaccuracy i n  the estimate of t h e  thermal accommoda- 
t i o n  coeff ic ient .  
molecular mass and k i n e t i c  temperature. Errors i n  K depend pr inc ipa l ly  upon 
er rors  i n  t h e  r a t e  of atmospheric rotat ion.  Errors due t o  t h e  atmospheric 
model could r e s u l t  from the  choice of a rad ia l ly  symmetric atmosphere instead 
of one with a diurnal  bulge. 
Errors i n  H ' I2 a r e  dependent upon er rors  i n  t h e  mean 
CONCLUDING REMARKS 
A spec i f i c  procedure has been developed and successfully used f o r  deter-  
mination of mean atmospheric dens i t i e s  from changes i n  the  o r b i t a l  elements of 
t h e  Explorer I X  s a t e l l i t e .  
a t t r i b u t e d  ch ief ly  t o  inaccuracies i n  the  determination of energy decay due t o  
drag, aerodynamic drag coeff ic ient ,  var ia t ion of densi ty  with a l t i t ude ,  t h e  
r a t e  of ro t a t ion  of t h e  atmosphere, and the  assumed atmospheric model. During 
t h e  development of t h e  method, equations were obtained f o r  t he  t o t a l  energy of 
a s a t e l l i t e  about an oblate  spheroid; the solar  rad ia t ion  force and resu l tan t  
energy changes upon Explorer I X ;  and t h e  aerodynamic drag coeff ic ient  of 
Explorer I X  as a function of height of perigee. 
from observations of Explorer I X ,  mean atmospheric dens i t ies  and t h e i r  asso- 
c ia ted  pos i t ion  were deduced f o r  t he  en t i re  l i f e t ime  of t he  s a t e l l i t e .  
Errors i n  determination of mean densi ty  may be 
From o r b i t a l  elements derived 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., March 16, 1965. 
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TABLE I.- ORBITAL ELEMENTS OF EXPLORER IX 
(a) With mean motion 
196 1 
F E E .  16.0 
FE9. 24.C 
P A R C H  i . c  
M P R C t -  8 . C  
M P R C H  14.G 
M P R C H  20.0 
MPRCH 26.C 
A P R I L  l . C  
A P R I L  7.C 
A P R I L  13.C 
A P R I L  19.0 
A P R I L  i 5 . C  





J U h k  6.C 
J U N E  12.C 
JUNE 1 8 . C  
J L h E  24.C 
JUhE id.6 
J U L Y  4.C 
J U L Y  l U . C  
J L L Y  16.0 
J U L Y  2 2 . C  





A L G .  27.0 
S E P T .  2.0 
S E P T .  8.0 
SEPT.  14 .C  
SEPT.  20.0 
S E P T .  2 t . C  
G C T .  2.0 
O C T .  8.C 
O C T .  14.0 
OCT. 2C.C 





NOV. 2 5 . C  
C E C ,  1.0 
GEL. 7.C 
C t C .  13.c 
C E C .  19.C 
C t C .  25 .0  
E E C .  31.0 
P A Y  i 3 . c  
12.155554 
12.16C 292 
12 .16Chl7  
12. l t l C l O  
12.161257 




l i . l t 3 E 3 2  
12 .164225 





1;. 1 6 6 7 8 1  
12 .167636 
l 2 . l t E 4 C 3  
12.16EC55 
12.16E72E 
12.169 19 1 
l L . l C S 2 C 2  
12.16911C 
1 Z . l C S l i C .  
1 2 . 1 6 5 5 8 1  











12.175 3 7 E  
12.175E4C 
12.176 2 3 4  
12.176684 







1 2 . l e l 3 C 5  





. 1 2 2 1 c t i  
.121341 . l i C 4 8 C  
. 1 1 S t E 7  
. 1 1 8 5 8 6  
. 1 1 8 3 4 4  
. 1 1 7 7 3 8  
.117234 
. l l C 8 8 1  
. l  166 5 4  
. 1 1 t 4 5 6  
.116222 . 115817 
.1152E3 
. 1 1 4 7 3 3  
. 1 1 4 2 1 1  
.113759 
.113316 
. 1 1 2 & 6 1  
. 1 1 2 4 2 5  
.112047 
.111744 
. 1 1 1 6 5 3  
. 1 1 1 5 1 5  
. 1 1 1 3 6 3  
. l l l C C 3  
.11C578 
. 1 1 c 1 c e  
.1CS654 
1 c s z t e  
.1C88F6 








. l o 6 5 5 8  
.1C6C81 





. 1 c 5 9 c 9  
.1C6221 
. l o t 2 5 5  
. lC5S78 
.1054$8 . IC4956 
. 1 ~ 7 7 9 8  
38 .852  
38.862 
38.866 
3e.  865 
38 .867  
38.866 
38 .863  
38.862 
38.860 
3E. 8 5 E  
38.853 
38 .849  
38 .646  





38 .845  
39 .843  
38.84C 
38.835 
38. e 4 0  
3 8 .  841 
38 .839  
38. a 3 4  
38. a 3 5  
38. e 3 7  
39.838 
38.838 
38 .837  
38 .936  
38.834 
38 .831  
38 .829  
38.  e 2 7  
3 8 . 8 2 6  
38 .823  
38.822 
38 .823  
38 .825  
38.828 
38 .828  
3 8 . d 3 C  
38.328 
38.827 
38 .822  
3 6 . 8 2 1  
3 8 . 8 1 6  
38. 8 1 6  
38.820 
38 .821  
38 .825  



































18 .841  





















1 2 2 . 0 6 3  
100.242 
78 .428  
56.615 













1 1 1 .444  
89 .657  
6 7  .a77  
53.354 
31.570 










1 3 0 . 3 3 3  
108.567 
86.797 















98 .393  
304.488 
.26 
TABLE I.- ORBITAL ELEMEM'S OF EXPLORER IX - Continued 
( a )  With mean motion - Continued 
Epoch 
1 5 6 2  
J P h .  6.C 
J A N .  12.0 
J A h .  18.6 
J A N .  24.C 
J A N .  30.C 
FEE. 5.c 
F E E .  l l . C  
FEE. 17.C 
F E B .  i3.C 
HPRCH l . C  
MPRCH 7.C 
M A R C H  13.C 
MARCH 19.C 
C P R C H  55.0 
MARCH 3 1 . C  
A P R I L  6.0 
A P R I L  12.0 
A P R I L  18.0 
A P R I L  24.0 
A P R I L  3G.C 
M A Y  6 . C  
M A Y  1i.C 
M A Y  18.0 
M A Y  24.6 
M A Y  3 C . C  
J U h E  5.C 
J U h E  11.0 
JUNE 17.C 
JUNE 23.0 
J L N E  29.0 
J U L Y  5.0 
J L L Y  11.0 
J U L Y  17.C 
J U L Y  23.0 
J U L Y  2S.C 
A L G .  4.C 
AUG. 10.0 
AUG. 1 t . C  
AUG.  22 .C  
AUG. 28.0 
S E P T .  3.C 
SEPT. 9.0 
S E P T .  15.0 
S E P J .  2 l . C  
SEPT.  i 7 . c  
G C T -  3.C 
O C T .  9 - 0  
OCT. 15.C 
O C T .  27.C 
hOV.  2.C 
hGV. 8 . C  
N O V .  2U.C 
CEC.  2.0 
GEC. 8.0 
C E C .  14.C 
CEC.  20.0 
E E C .  i 6 . C  
OCT- 21.0 
N O V .  14.0 





12. i a 4 ~ 2 5  
12  . i e t 5 c i  
1 2  -1853C 1 
12  .l65?22 
12.187274 
12.1EEC75 
1 2  . l @ & E S 7  
12.185927 
12.19C462 













li . 2 0 3 8 € 6  
12.2C4 7 E E  
12.2053E5 
12.20594E 
12. i O t 4 C C  
12.2C6992 
12.2C7645 
















12.2 3C4 1 3  
1 2 . 2 3 2 5 2 1  
12. i342CE 
12. 2 3 t l C C  
1 2 .  2 3 8  181 
12.24C252 
12.242 1s 5 
12.244377 
12.246682 
l i .24ES47 
12.25C7P7 




- 1 0 4 2 0 6  
. 1 c 4 c 5 5  
. 1 c 3 5 9 9  . 1C4C52 
.1(34287 
.1C4625 







. l o 4 2 4 8  
.1C4341 
.1C4456 
. 1 C 4 t l 3  . lC4839 
.1C512@ 
.1C5478 
. 1 G C , t S 6  
.1C5eO4 
-1C5780 
. l o 5 7 2 7  . l e 5 7 9 2  
.1C5S21 
, 1 0 6 1 7 9  
. l o t 4 3 1  
. 1 C t t 3 5  
-1  C686C . i o 7 1 4 8  
.1C7524 
. l o 7 8 7 1  
. l o 8 1 2 7  
.1C8265 
.1C8278 
. l o 8 3 3 2  
.1CS476 
.1C67C8 . lCSC6l  
. l  C9460 . lC5514 . l l C 4 1 5  
.111C13 
. 1 1 2 1 2 3  
.112460 
-1126C4 
. 1 1 2 t 0 7  
.112628 




.114766 . 1 1 5454 
. I 1 6 2 4 3  
. l l C 8 9 1  
.117359 




































































4 5 . 3 3 8  










1 .851  
30.632 
59 .347  
88.008 
116.654 






















8 8 . 7 7 3  
117.482 












































































J A A .  l . C  
JAN.  7.0 
J A h .  13.C 
J A N .  19.0 
J A k .  25.0  
J A N .  31.C 
F E E .  6.0 
F E E .  18.C 
FEB. 24.0  
H P R C h  2.0 
MARCH 8.0 
MARCH 14.0 
M b R C l -  2 C . C  
MARCh 26.0 
A P R I L  l . C  
A P R I L  7.C 
A P R I L  1 3 . C  
A P R I L  lS.C 
A P R I L  i 5 . G  








J U k E  16.0 
J L N E  24.0 
J L h E  30.0 
JULY t . C  
JULY 18.0 
J U L Y  24.C 
J U L Y  3C.0 







SEPT.  1 t . C  
SEPT.  22.0 
SEPT.  26.C 
FE@. 12.0 
J U L Y  1 2 . C  
TABU I.- ORBITAL ELFSIENTS OF EXPLORER IX - Continued. 
(a) With mean motion - Concluded 






12.255 1 G C  
l i . iC13SC 
1 2  . i C 3 i l C  
1 2 . 2 t t 2 6 C  
1 2 . 2 t E t 7 C  
12. i i  1 1oc  
12.27357C 
12.2 70 5 1C 
1 2  . i7526C 
12.282 11c  
l i . 2 8 5 C l C  
12.28k 16C 






12.3 14 13C 
12 .317960 
12.32219C 
l i . 3 Z t E 3 C  
1 2 . 3 3 i 3 t C  










1 2 . 3 8 7 e c c  
i i . 3 s e 1 4 c  
12.4C917C 








. 1 1 7 t l C  
.11767C 




. 1 2 c 2 1 0  
. 1 2 1 1 1 0  
.121  i 4 c  
.122310 
. 1 2 2 t  10 
- 1 2 2 8 3 0  
.12 2950 











. i 2 3 4 e c  
1256CC 





, 1 3 0 3 2 0  
.13C830 
.131210 
. 1 3 1 5 5 0  
.131200 . 131 500 . 131450 
. 1 3 1 5 3 0  . 131 7 C G  
.132150 
.132200 . 131tCO 
* 1317CO 
38. 8 i 5  
38.866 
38 .871  
38 .873  
38.876 
38 .875  
38.882 
38.883 
38 .879  
38.872 
38  . a 7 3  
38 .875  
38.875 
3P. 886  




3 8 . 9 0 0  
3e.  9 0 1  
38 .905  
38.903 
38 .903  











38 .925  
38 .919  
38.924 





38 .545  

























56 .424  





































































TABLE I.- ORBITAL ELEMENTS OF EWLORER IX - Concluded 













] Epoch 1 a, km 
1963 
SEPT. 26.0 
C C T .  1.0 
CCT.  8.0 
GCT.  15.0 
GCT.  19.0 
OCT.  26.0 
NGV. 9.0 










JAN.  3.0 
JAN.  11.0 
JAN.  17.0 








































-132010 . 133560 
1308 86 
129706 
.128173 - 126771 
-, 1 2 5 4 52 
-124398 
























































































TABLE 11.- MEAN DENSITIES AND THEIR ASSOCIATED TIME AND POSITION OF MEASUREMENT AND 
Epoch 
156 1 
F E B .  21.C 





A P R I L  -2 .0  
A P R I L  4 . 0  
A P R I L  10.0 
A P R I L  16.C 
R P R I L  2 2 . C  
MAY - 2 . c  
MAY 4.c  
MAY 1 0 . 0  
MAY 16.C 
MAY 2 2 . 0  
CAY 2 e . c  
JUNE 3.0 
JUNE 9.C 
JUFvE 15.0  
J L N E  2 1 . 0  
JUNE 26.G 
J U L Y  l . C  
JULY 7 . C  
JULY 13.0 
JULY lS .C 
J U L Y  25.C 
A b C .  - 0 .  
ALG. 6.C 
AUG. 12.C 
P U G .  1 8 . 0  
AUG. i 4 . C  
S E P T .  -1.0 
S E P T .  5.0 
S E P T .  l l . C  
S E P T .  17.C 
S E P T .  23.C 
O C T .  - l . G  
U C T .  5.C 
O C T .  11.0  
O C T .  17.C 
O C T .  i 3 . C  
NOV.  -2.C 
NOV.  4.C 
N S V .  l C . C  
h G V .  l C . C  
N G V .  22.0 
CEC.  - 2 . c  
C E C .  4.0 
c t c .  1c.c  
CEC.  16.C 
D E C .  22.C 
O E C .  28.0 
TIME INTERVAL OVER WHICH DENSITIES ARE AVERAGED 
2 6 2 . 2 1 3  
2 8 8 . 1 4 6  
2 6 9 . 4 5 8  
2SO. 5 4 5  
i S 5 . i C 9  
3 c 7 . 7 7 5  
3 2 1 . 8 7 8  
3 3 0 . 0 0 5  
3 3 2 . 3 4 2  
3 3 3 . 0 5 6  
3 3 6 . 5 4 6  
3 4 6 . 5 C 3  
0 . 8 C 8  
1 C . S 3 3  
1 4 . 5 6 7  
1 5 . 3 2 8  
1 7 . 6 2 7  
2 5 . 6 4 2  
3 9 .  6 9 2  
5 1 .  bC4 
5 7 . 1 5 3  
5 8 . 2 C 4  
5 8 . 9 1 4  
6 2 .  E67 
73. 4 2 7  
87. 7 4 5  
$ 7 .  3 2 2  
1C0.  5 9 1  
1 C  1 . 3 4 7  
1C4.  C24 
1 1 2 . 7 4 E  
1.27. 1 4 6  
1 3 8 .  E 4 5  
1 4 3 .  6 6 3  
1 4 4 . 7  16 
1 4 6 . 4 1 5  
1 5 3 . 0 6 2  
1 6 C . 2 3 5  
1 7 s .  2 2 6  
1 6 5 . 8 5 4  
l b 8 . 6 C 4  
1 5 3 .  6CS 
2 C 5 . 5 7 7  
2 2 0 . C 4 3  
2 2 8 .  t 5 3  
23 1. i t 1  
2 3 2 . 1 1 2  
2 3 5 . 5 E 2  
2 4 5 . 4 1 2  
2 5 5 .  7 2 8  
2 7 0 .  C43 
2 7 3 .  € 3 5  
167.5C5 
&PJ deg 
3 2 . 6 2 5  
1 6 . 6 S 9  
1 . 3 4 4  
- 1 6 . 2 5 4  
-3C.  5 9 1  
- 3 8 . 5 9 5  
- 3 5 . 4 3 s  
- 2 3 . 1 7 s  
- 6 . 3 6 1  
11. 449  
27.?OC 
3 7 . 3 8 8  
3 7 . 4 9 4  
2 7 . 5 4 7  
1 1 .  7 3 4  
- 6 . 0 8 5  
- 2 2 . 3 3 7  
- 3 5 . 2 9 1  
- 3 8 . 6 1 5  
- 3 1 . 1 6 8  
- 1 6 . 5 2 C  
- 1 .  9 4 1  
1 2 . 8 4 3  
2 b . 3 9 2  
3 7 . 8 0 4  
3 6 . 9 9 8  
2 6 . 3 8 8  
1C. 2 7 3  
- 7 . 5 7 s  
- 2 4 . 2 1 5  
- 3 5 . 9 9 4  
- 3 8 . 3 5 2  
- 3 0 .  C3 1 
-14 .9CS 
2 . 9 1 4  
2 C . 2 4 8  
3 3 . 5 1 4  
3 8 . 8 2 2  
3 3 . 3 3 2  
1 4 . 7 6 6  
2 . 4 9 4  
- 1  5 . 2 2 3  
-3G. 2 8 9  
- 3 8 . 4 2 3  
- 3 5 . 7 6 6  
- 2 3 . 7 4 3  
- 6 .  $6 8 
1 C . 9 1 7  
2 6 . 9 1 4  
3 7 . 2 1 5  
3 7 . 5 9 3  
2 7 . 8 4 1  
1 2 . 1 0 1  
-~ 
'p, 
7 0  1 4 . 7 4 2  
7 0 2  1 . 1 2 4  
7 6 2 7 . 5 9  1 
7 C 3 3 . 4 2 4  
7 0 3 8 . 6 9 0  
7 0 4 3 . 5 4 9  
7 0 4 7 . 7 0 0  
7 0 5 0  .E14 
7 0 5 2 . 9 4 5  
7 0 5 4  . S O 9  
7 0 5 6 .  1 1  5 
7 0 5 8 .  5 1 5  
7 0 6 2 . 0 9 7  
7 0 6 6 . 3 1 1  
7 0 7 3 . 4 9 2  
7 0 7 4 . 1 5 1  
7 0 7 7 .  3 9 1  
7 3 8 0 . 6 6 1  
7 0 8 4  .O 12  
7 5 8 9 . 8  2C 
7 0 9 1 . 3 0  1 
7 0 9 2 . 2 3 1  
7 0 9 3 . 4 0 2  
7 0 9 5 . 3 5 4  
7 0 9 8 . 2 8 7  
7 1 0 1 . 6 4 1  
7 1 0 5 . 1 7 3  
7 1 0 8 . 4 0 4  
7 1 1 1 .  1 9 2  
7 1 1 6 . 9 0 8  
7 1 1 9 . 2 1 3  
7 1 2 0 . 4 5 3  
7 1 2 0 . 6 5 0  
7 1 2 0 . l d 7  
7 1 1 9 . 9 3 6  
7 12  1 . 1 0 4  
7 1 2 3 . 7 7 6  
7 1 2 7 . 3 6 3  
7 1 3 1 . 1 6 3  
7 1 3 4 . 4 4  1 
7 1  3 6 . 8 6 8  
7 1 3 8 . 4 9 1  
7 1 3 9 . 2 7 6  
7 1 3 8 . 9 4 3  
7 1 3 7 . 2 6 5  
7 1 3 4 . 4 3 3  
7 13  1 . 3 3 2  
7 1 2 9 . 5 8 0  
7 1 3 9 .  3 0 7  
7 1 3 3 . 1 9 0  
7 1 3 7 . 1 6 0  
7 0 8 7 . 1 9 8  
7 1 1 4 . 0 1 7  
- 1 6 . 3 9  
- 1 6 . 4 1  
- 1 6 . 4 3  
- 1 6 . 5 1  
- 1 6 . 5 2  
- 1 6 . 4 2  
- 1 6 . 2 5  
- 1 h . 3 F  
- 1 6 . 5 1  
- 1 h . 4 9  
- 1 6 . 5 2  
- 1 6 . 4 6  
-16 .5C 
- 1 6 . 6 6  
- 1 6 . 6 9  
- 1 6 . 5 6  
-16 - 4  1 
- 1 4 . 4 6  
- 1 6 . 6 9  
- 1 6 . 5 5  
- 1 6 . 4 6  
- 1 6 . 6 9  
- 1 6 . 8 2  
- 1 6 . 7 7  
- 1 6 . 5 5  
- 1 6 . 5 1  
- 1 6 . 5 7  
- 1 6 . 8 7  
- 1 6 . 8 4  
-1b.SC 
- 1 6 . 5 6  
- 1 6 . 7 5  
- 1 6 . 7 2  
- 1 6 . 7 5  
- 1 6 . 6 0  
- 1 6 . 6 0  
- 1 t . 7 5  
- 1 6 . 5 5  
-16 .66  
- 1 6 . 5 4  
- 1 6 . 7 1  
- 1 6 . 7 8  
- 1 6 . 5 9  
- 1 6 . 8 3  
- 1 4 . 6 8  
- 1 6 . 7 9  
-16.RO 
- 1 6 . 7 5  
- 1 6 . 5 4  
- 1 6 . 6 8  
-16.37 
- 1 6 . 3 5  
-16.76 
'ime i n t e r v a l ,  
days 
6 . 0  
6.C 
4.0 
6 . 0  
6.0 
6 . 3  
6 .C 
6.0  
6 . 0 










6 . 0  
6 . q  
4 .0  






6 .  n 





6 . 0  
6 . C  
6 . 0  
6 . 0  




6 . 0  
6 . 0  
6 .  3 
6 . 0  
6.0 
6 . 0  
6 .7  
6.0 
h .O 
6 .0  
6 .r) 
TABLE 11.- MEAN DENSITIES AND THEIR ASSOCIATED TIME AND POSITION OF MEASUREMENT AND 
TIME INTERVAL OVER WHICH DENSITIES ARE AVERAGED - Continued 
E p o c h  
1S62 
J A h .  3 .C  
J A h .  9.C 
JAIL. 15.C 
JAh. ~ 1 . 0  
JA&. (7.C 
F E B .  .i.2 
F E B .  0.0 
F E B .  14.G 





M A R C h  22.C 
MARCI. 20.0 
A P R I L  3.0 
A P R I L  S.C 
A P R I L  15.C 







J U N E  2.C 
J U h E  8.0 
J U N E  14.C 
J U N E  20.0 
J U N E  26.C 
J U L Y  2.0 
J U L Y  0 . 0  
J U L Y  14.C 
J L L Y  20.0 




AUG.  19.0 
AUG. 25.C 
S E P T .  -0. 
S E P T .  6.0 
S E P T .  12.0 
S E P T .  18.C 
S E P T .  24.0 
O C T .  -0. 
O C T .  6.0 
O C T .  12.0 
O C T .  10.0 
GCT.  24.C 
N O V .  -l.C 
N O V .  ll.C 
N O V .  17.0 
N O V .  23.0 
DEC.  -1.c 
OEC. 5.c 
DEC. 11.0 
C E C .  17.0 
N O V .  5.0 
C E C .  23.0 
274.602 
277.C43 
2 E 5 . 1 5 5  
2 4 5 . 5 2 4  
:ll.S?i 
317.344 

















5 8 . 5 8 3  
67.901 
a 0 . 8 2 ~  




























































































































































- 1 7. t7 9 
-16.37 
-15.35 






















































































































TABLE 11.- MEAN DENSITIES AND TBEIR ASSOCIATED TIME AND POSITION OF MEASUREMENT AND 
TIME 1NTEFiVA.L OVER WHICH DENSITIES ARE AVERAGED - C o n t i n u e d  
Epoch 




J A h .  16.0 
JAN.  22.C 
JAN. 28.C 
F E E .  3.0 
F E B .  9.0 
F E E .  15.0 






A P R I L  -2.0 
A P R I L  4.0 
A P R I L  lC.C 
A P R I L  1t.C 












J U L Y  3 . 0  
J U L Y  S.0 
J U L Y  15.0 
J U L Y  21.0 
J U L Y  27.0 
AUG. @.C 
AUG. 14.C 
A b G .  20.0 
AUG. 26.C 
S E P T .  1.0 
S E P T .  1.0 
S E P T .  13.C 
S E P T .  15.0 










































































































6965. C5 1 





















































































6 .0  
6 .Q 
6.0 









































TABLE 11.- MEAN DENSITIES AM) THELR ASSOCIATED TIME AND POSITION OF MEA- AND 
TIME INTERVAL OVER WHICH DENSITIES ARE AVERAGED - Concluded 
E p o c h  
1563 
O C T .  -1.5 
CCT. 4.5 
O C T O  11.5 
O C T .  1 7 . C  
OCT.  22.5 
NOV.  5.5 
N G V .  12.5 
NOV.  2C.C 
CEC.  -2.5 
C E C .  4.0 
CEC.  5.5 
CEC.  14.5 
CEC. 20.0 
C E C .  it.5 
N O V .  - 1 . 5  
1564 
J A N .  1.0 
JAN. 7.C 
J A N .  14.C 
J A k .  2l.C 
FEE. -l.C 



















































































































?ime i n t e r v a l ,  
days 
5 .O 
7.0 
7 .O 
4.0 
r .o 
r .o 
7.0 
7.0 
8.0 
7.0 
6 .O 
5.0 
5 .O 
6.0 
7.0 
4.0 
8.0 
6.3 
8.0 
10.0 
6.0 
13.0 
7.0 
7.0 
6.0 
8.0 
7.0 
